Abstract. It is well known that, for any finitely generated torsion module M over the Iwasawa algebra Z p [[Γ]], where Γ is isomorphic to Z p , there exists a continuous p-adic character ρ of Γ such that, for every open subgroup U of Γ, the group of U -coinvariants M (ρ) U is finite; here M (ρ) denotes the twist of M by ρ. This twisting lemma was already applied to study various arithmetic properties of Selmer groups and Galois cohomologies over a cyclotomic tower by Greenberg and Perrin-Riou. We prove a non commutative generalization of this twisting lemma replacing torsion modules over Z p [[Γ]] by certain torsion modules over Z p [[G]] with more general p-adic Lie group G. In a forthcoming article, this non-commutative twisting lemma will be applied to prove the functional equation of Selmer groups of general p-adic representations over certain p-adic Lie extensions.
Introduction
Let us fix an odd prime p throughout the paper. We denote by Γ a p-Sylow subgroup of Z finitely generated over Λ O (H). From such arithmetic background, we are led to study finitely generated Λ O (G)-modules for a compact Lie group G with H ⊂ G satisfying the condition (G).
On the other hand, for any open subgroup U of G and for any arithmetic module S ∨ A as above, the largest U-coinvariant quotient (S ∨ A ) U is expected to be related to the Selmer group of A over a finite extention K ⊂ K ∞ with Gal(K/Q) ∼ = G/U. As remarked above, we have the following fact (Tw) when G = Γ (i.e. when H = 1) which was used quite usefully in the work of Greenberg [Gr] and Perrin-Riou [Pe] .
(Tw) For any finitely generated torsion Λ O (Γ)-module M, there exists a continuous character ρ : Γ −→ Z M when natural numbers n and p n -th roots of unity ζ p n vary, twisting lemma is known to hold.
If we have a twisting lemma in non-commutative setting, it seems quite useful for some arithmetic applications for non-commutative Iwasawa theory. On the other hand, for a non-commutative G, it was not clear what to do to prove twisting lemma because we can not talk about "roots of characteristic polynomials" as we did in commutative setting. We finally succeeded in proving twisting lemma. We will state the result below.
For a Λ O (G)-module M and a continuous character ρ :
Our main result of this paper is the following theorem.
Main Theorem. Let G be a compact p-adic Lie group and let H be its closed normal subgroup such that G/H is isomorphic to Γ. Let M be a Λ O (G)-module which is finitely generated over Λ O (H).
Then there exists a continuous character ρ :
We give some examples of a pair H ⊂ G satisfying the condition (G) and a Λ O (G)-module M which should appear in arithmetic applications.
Examples.
(1) Let us choose a prime p ≥ 5. Let E be a non-CM elliptic curve over Q with good ordinary reduction at p.
is an open subgroup of GL 2 (Z p ). By Weil pairing, the cyclotomic
and Gal(K cyc /K) by G, H and Γ respectively. The pair H ⊂ G satisfies the condition (G).
Let us consider the Pontryagin dual S ∨
A of the Selmer group S A of the Galois representation A = T p E ⊗ Q p /Z p over the Galois extension K ∞ /K discussed above. We take M to be the module S 
Let us consider the Pontryagin dual S ∨ A of the Selmer group S A of the Galois representation A = T ⊗ Q p /Z p over a Galois extension K ∞ /K discussed above. We take M to be the module S
. We refer to [HV] for some examples of S
(3) Let K be an imaginary quadratic field in which a rational prime p = 2 splits. Let
For the Pontrjagin dual S ∨ A of the Selmer group S A of the Galois representation A = T ⊗ Q p /Z p over a Galois extension K ∞ /Q in this commutative two-variable situation, similar phenomena as above are expected and we take M to be the module S
In a forthcoming joint work of two of us [JO] , Main Theorem above will be applied to establish functional equation of Selmer groups for general p-adic representations over general non-commutative p-adic Lie extension. This is a partial motivation of our present work for two of us. Note that the third author proved the functional equation of Selmer groups for elliptic curves over false-Tate curve extension (cf. [Za1] ) and for non CM elliptic curves in GL 2 -extension (cf. [Za2] ). But the main method of the papers [Za1] , [Za2] are not based on the twisting lemma.
Notation Unless otherwise specified, all modules over Λ O (G) are considered as left modules. Throughout the paper we fix a topological generator γ of Γ.
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Preliminary Theorem
In this section, we formulate and prove Preliminary Theorem below, which gives the same conclusion as Main Theorem under stronger assumptions (i.e. the hypothesis (H) and non-existence of non-trivial element of order p in G). In the next section, our Main Theorem is the deduced from Preliminary theorem and Key Lemma which is given in the next section.
Preliminary Theorem. Let G be a compact p-adic Lie group without any element of order p and let H be its closed normal subgroup such that G/H is isomorphic to Γ. Let M be a finitely generated torsion Λ O (G)-module satisfying the following condition:
Then there exists a continuous character
Before going into the proof of Preliminary Theorem, we collect some basic results in non-commutative Iwasawa theory which are relevant for the article.
Lemma 1. Let H ⊂ G be a pair satisfying the condition (G) and let M be a finitely generated Λ O (G)-module which satisfies the condition (H). Then there exists a matrix
where γ is a topological generator of Γ and γ ∈ G is a fixed lift of γ and elements
Proof. Let us take a basis
We denote the module presented as in (1) by N A . By construction, we have a
We denote by U the set of all open normal subgroups U of G. We remark that the set U is a countable set since G is profinite and has a countable base at identity.
Lemma 2. For any U ∈ U, Z p [G/U] ⊗ Zp Q p is isomprphic to a finite number of products of matrix algebras
is a semisimple algebra over Q p since G/U is a finite group and Q p is of characteristic 0. We have an
where D i is a finite dimensional division algebra over Q p . For each i, the center K i of D i is a finite extension of Q p . It is well-known that dim K i D i is a square of some natural number t i and
The lemma follows immediately from this.
We will prove Preliminary Theorem using the results prepared above.
Proof of Preliminary Theorem. First, we remark that, for an open normal subgroup U of G, we have
Since taking the base extension ⊗ Zp Q p and taking the largest U-coinvariant quotient commute with each other, by Lemma 1, we have (3) where we denote the projection of γ ∈ G to G/U by γ U . Here, the matrix
Taking the base extension ⊗ Qp Q p of the isomorphism (3), we have a Q p -linear isomorphism by Lemma 2:
where γ U,i ∈ Aut Q p (M r i (Q p )) is defined as follows. We consider the base extension to
). Then, we denote the projection of this element to the i-th component by γ U,i .
The element
is defined as follows. We consider the
This is an element of End
⊕d ). Then, we denote the projection of this element to the i-th component by A U,i (ρ). Now, we denote by A U,i the element A U,i (1). We remark that A U,i (ρ) is equal to ρ(γ) −1 A U,i for any continuous character ρ : Γ −→ Z × p . we define EV U,i to be the set of roots of the characteristic polynomial
Since γ ⊕d U,i is automorphism, the polynomial P U,i (T ) is not zero. Hence EV U,i is a finite set. We denote the union of EV U,i for 1 ≤ i ≤ k(U) by EV U , which is again a finite set. If ρ(γ) −1 is not contained in EV U ∩Z × p , the module in (4) We will choose and fix a sufficiently natural number n satisfying the conditions (i) and (ii). Then we define G 0 to be the preimage of Γ p n by the surjection G ։ Γ. By definition, G 0 an open subgroup of G which contain H.
Let us consider the set {a ij ∈ I} 1≤i,j≤d such that we have (
We define a Λ O (G 0 )-module N to be the cokernel of the map ϕ above. We have the following claim: We thus prove the above claim for the rest of the proof. Note that we have
Since we have N/IN is isomorphic to the cokernel of the above map ϕ I , N/IN is a free F q -module of rank d. By applying the topological Nakayama Lemma (cf. [BH, Cor. in §3] ) to the compact Λ O (H)-module N, N is generated by f 1 , . . . , f d over Λ O (H). We will prove that N is free of rank d over Λ O (H) with this system of generators. Now let r be an arbitrary natural number. Since we have a natural surjection from r-fold tensor product of I/I 2 to I r /I r+1 , the conjugate action of γ p n on I r /I r+1 is also trivial. Thus, by applying the functor
which is again defined as a multiplication of ( γ p n − 1). This proves
Thus the cardinality of N/I s N is equal to the cardinality of (Λ O (H)/I) ⊕d for any natural number s, which implies that N is free of rank d over Λ O (H). This completes the proof of the claim.
Using Key Lemma and Preliminary Theorem, we will prove our Main Theorem.
Proof of Main Theorem. We will prove the main theorem by two step arguments.
First, we consider the situation where G is a compact p-adic Lie group without any element of order p and H is its closed subgroup such that G/H is isomorphic to Γ. Thus we dropped the assumption (H) of Preliminary Theorem but we still keep the assumption of non-existence of non-trivial element of order p in G.
Let M be Λ O (G)-module which is finitely generated over Λ O (H). By Preliminary Theorem, for a sufficiently large natural number n, we have a surjective Now, we deduce our Main Theorem assuming that it is true under the assumption of non-existence of non-trivial element of order p in G. We consider the situation where G is a compact p-adic Lie group with elements of order p and H is its closed subgroup such that G/H is isomorphic to Γ. Let M be Λ O (G)-module which is finitely generated over Λ O (H). Let G ′ be a uniform open normal subgroup of G (cf. [La, Chap. III, §(3.1)]), which is automatically without any elements of order p. Let H ′ be the intersection of H and G ′ . Since M is finitely generated over Λ O (H) and since H ′ is of finite index in H, M is finitely generated over Λ O (H ′ ). According to the result in our first step, there exist a continuous character 
